Abstract. Let A be a unital Banach algebra and let J be a closed two-sided ideal of A. We prove that if any invertible element of A/J has an invertible lifting in A, then the quotient homomorphism Φ : A → A/J is a spectral interpolant. This result is used to obtain a noncommutative multivariable analogue of the spectral commutant lifting theorem of Bercovici, Foiaş, and Tannenbaum. This yields spectral versions of Sarason, Nevanlinna-Pick, and Carathéodory type interpolation for F ∞ n⊗ B(K), the WOT-closed algebra generated by the spatial tensor product of the noncommutative analytic Toeplitz algebra F ∞ n and B(K), the algebra of bounded operators on a finite dimensional Hilbert space K. A spectral tangential commutant lifting theorem in several variables is considered and used to obtain a spectral tangential version of the Nevanlinna-Pick interpolation for F ∞ n⊗ B(K). In particular, we obtain interpolation theorems for matrix-valued bounded analytic functions on the open unit ball of C n , in which one bounds the spectral radius of the interpolant and not the norm.
Introduction and preliminaries
Let D denote the unit disc in the complex plane, let z 1 , . . . , z k ∈ D be given distinct points, and F 1 , . . . , F k be complex m × m matrices. The classical NevanlinnaPick problem [N] , [P] consists in finding necessary and sufficient conditions for the existence of an analytic m × m matrix-valued function F (z) with F (z j ) = F j (1 ≤ j ≤ k) and such that F ∞ ≤ 1.
Motivated by problems in control engineering, such as the design of feedback control systems in the presence of parameter uncertainty, Bercovici, Foiaş, and Tannenbaum proved in [BFT] a spectral generalization of the commutant lifting theorem [SzF1] , and obtained a spectral version of the Nevanlinna-Pick problem, in which the infinity norm is replaced by ρ(F ) := sup{ F (z) sp : z ∈ D} ( A sp denotes the spectral radius of an operator A).
The tangential Nevanlinna-Pick problem considered by Fedcina [F] is to find F ∈ H ∞ (D) ⊗ C m with F (z j )u j = v j , j = 1, . . . , k, and F ∞ ≤ 1, where z j ∈ D and u j , v j ∈ C m are prescribed. The spectral tangential Nevanlinna-Pick interpolation problem, considered by Bercovici and Foiaş [BF] , is to find such an F for which ρ(F ) < 1. This type of interpolation was also motivated by certain control engineering applications.
In this paper we find noncommutative multivariable analogues of the abovementioned results obtained by Bercovici, Foiaş, and Tannenbaum (see [BFT] and [BF] ) for the noncommutative analytic Toeplitz algebra F ∞ n . In particular, we obtain interpolation results (see Corollary 3.7 and Corollary 4.3) for matrix-valued bounded analytic functions on the open unit ball of C n , in which one bounds the spectral radius of the interpolant and not the norm.
We expect these results to play a role in multivariable control and systems theory, as it does in the case n = 1. We mention the papers [BV] and [B] for recent results in multivariable linear systems.
We need to recall some facts concerning the noncommutative analytic Toeplitz algebra F ∞ n and its connection with the function theory on the open unit ball of C n . Let F 2 (H n ) = C1⊕ m≥1 H ⊗m n be the full Fock space on n generators, where H n is an n-dimensional complex Hilbert space with orthonormal basis {e 1 , e 2 , . . . , e n } if n is finite, and {e 1 , e 2 , . . . } if n = ∞. For each i = 1, 2, . . . , define the left creation operator by S i ξ := e i ⊗ ξ, ξ ∈ F 2 (H n ). We shall denote by P the set of all p ∈ F 2 (H n ) which are finite sums of tensor monomials. Define F ∞ n as the set of all g ∈ F 2 (H n ) such that
We denote by A n the closure of P in (F ∞ n , · ∞ ). The Banach algebra F ∞ n (resp. A n ) can be viewed as a noncommutative analogue of the Hardy space H ∞ (D) (resp. disc algebra A(D)); when n = 1 they coincide.
In [Po7, Theorem 3 .1] we proved that A n is completely isometrically isomorphic to the norm-closed algebra generated by any sequence V 1 , . . . , V n of isometries with
n ≤ I, and the identity. It follows from [Po5, Theorem 4.3] that the noncommutative analytic Toeplitz algebra F ∞ n can be identified with the WOTclosed algebra generated by the left creation operators S 1 , . . . S n , and the identity. The algebras F ∞ n and A n were introduced by the author in [Po3] in connection with a noncommutative von Neumann inequality, and have been studied in several papers [Po2] , [Po5] , [Po6] , [Po7] , [Po9] , [ArPo1] , and recently in [DP1] , [DP2] , [ArPo2] , [DP3] , and [Po8] .
We established a strong connection between the algebra F ∞ n and the function theory on the open unit ball B n of C n through the noncommutative von Neumann inequality [Po3] (see also [Po5] , [Po7] , and [Po9] ). In particular, we proved that there is a completely contractive homomorphism
where (λ 1 , . . . , λ n ) ∈ B n . A characterization of the analytic functions in the range of the map Φ was obtained in [ArPo2] and [DP3] . W. Arveson proved that Φ is not surjective [Arv] and the functions in its range are the multipliers of a certain function Hilbert space. In [ArPo2] , [DP3] , it was proved that F ∞ n / ker Φ is an operator algebra which can be identified with W
In [Po8] , [Po9] , [Arv] , [ArPo2] , [DP3] , [AMc] , and [BTV] , a good case is made that the appropriate commutative multivariable analogue of H ∞ (D) is the algebra W ∞ n , which is the WOT-closed algebra generated by
. . , n, and the identity. In this paper, we provide further evidence that
Let A be a unital Banach algebra and denote by Inv(A) the group of invertible elements of A. Given a ∈ A, we define the A-spectral radius of a by setting
Since the spectral radius of a ∈ A is a sp = lim n→∞ a n 1/n , it is clear that a sp = xax −1 sp for any x ∈ Inv(A). Now, it is easy to see that [R] ). There are some other examples of Banach algebras such that a sp = ρ A (a) for any a ∈ A. It was proved in [BFT] that this equality holds if A is the commutant of an isometry (resp. normal operator) on a Hilbert space.
Let A, B be unital Banach algebras, and Φ : A → B be a unital contractive homomorphism. We say that Φ is a quotient interpolant if
We say that b ∈ B with ρ B (b) < 1 has a spectral lifting if there exists a ∈ A such that Φ(a) = b and ρ A (a) < 1. The homomorphism Φ is called a spectral interpolant if any b ∈ B has a spectral lifting.
Problem. Let Φ :
A → B be a unital contractive homomorphism which is also a quotient interpolant. When is Φ a spectral interpolant ?
We show, in Section 2, that this problem has a positive answer if Inv(B) ⊆ Φ(Inv(A)). This relation holds, for example, if the group of invertible elements of B is connected (in particular, if B is finite dimensional or equal to B(H)).
The results of Section 2 are used in Section 3 to obtain a noncommutative multivariable analogue (see Theorem 3.1) of the spectral commutant lifting theorem of Bercovici-Foiaş-Tannenbaum. This yields spectral versions of Sarason ([S]), Nevanlinna-Pick , and Carathéodory type interpolation for F ∞ n⊗ B(K), the WOTclosed algebra generated by the spatial tensor product of the noncommutative analytic Toeplitz algebra F ∞ n and B(K), the algebra of bounded operators on a finite dimensional Hilbert space K.
In Section 4, we obtain a spectral tangential commutant lifting theorem in several variables (see Theorem 4.1). This leads to a spectral tangential Nevanlinna-Pick interpolation for F ∞ n⊗ B(K) (see Theorem 4.2). Problems concerning the optimal solutions to these spectral interpolation problems in several variables, and explicit algorithm for finding the optimal interpolants will be considered in a future paper.
We would like to thank the referee for helpful comments on the results of this paper.
Spectral lifting in Banach algebras
The notation and definitions from Section 1 are used throughout the paper. Let A, B be unital Banach algebras and let Φ : A → B be a unital contractive homomorphism. We call Φ a norm preserving interpolant if for any b ∈ B there exists a ∈ A such that Φ(a) = b and a = b . Notice that any norm preserving interpolant is a quotient interpolant. Examples of norm preserving interpolants will be presented in Section 3. 
Therefore,
Now, let > 0 and choose z ∈ Inv(B) such that 
Now, using (2.2) and (2.3), we infer that
Using relation (2.1), it is easy to see that if b ∈ B, then ρ B (b) < 1 if and only if there exists a ∈ A such that Φ(a) = b and ρ A (a) < 1. This completes the proof.
Corollary 2.2. Let A, B be unital Banach algebras such that the group Inv(B) is connected. Let Φ : A → B be a unital contractive homomorphism which is also a quotient interpolant. Then Φ is a spectral interpolant.
Proof. Let us prove that
is connected, it is well known that 
Proof. Apply Theorem 2.1 to the quotient homomorphism Φ.
Let us remark that, in general, there are invertible elements in A/J which can not be lifted to invertible elements in A. For example, if π :
is the quotient homomorphism into the Calkin algebra, and S is the unilateral shift on the Hardy space H 2 , then π(S) is invertible and there is no invertible operator
. An important particular case, when Corollary 2.4 can be applied, is when the quotient algebra A/J is finite dimensional. Applications of this result will be considered in the next section.
Noncommutative spectral commutant lifting and interpolation
Let F + n be the unital free semigroup on n generators s 1 , . . . , s n , and let e be its neutral element. For any σ := s i1 · · · s i k ∈ F + n we define its length |σ| := k, and |e| = 0. On the other hand, if
Let us recall from [Po1] , [Po2] , and [Po4] some results concerning the noncommutative dilation theory for n-tuples of operators. A sequence of operators
on a Hilbert space K ⊇ H is a minimal isometric dilation of T if the following properties are satisfied:
The minimal isometric dilation of T is uniquely determined up to an isomorphism. We need to recall the noncommutative commutant lifting theorem [Po4] (see [SzF1] , [SzF2] , [DMP] for the classical case).
Let T := [T 1 , . . . , T n ] be a contractive sequence of operators on a Hilbert space H and let V := [V 1 , . . . , V n ] be its minimal isometric dilation on a Hilbert K ⊇ H. If X ∈ B(H) and XT i = T i X for any i = 1, . . . , n, then there exists X ∞ ∈ B(K) satisfying the following properties:
. . , T n ] be a row contraction with T i ∈ B(H) and let
where P H is the orthogonal projection on H. According to the noncommutative commutant lifting, we have Dil(X) = ∅.
In what follows we obtain a noncommutative multivariable analogue of the spectral commutant lifting theorem of Bercovici-Foiaş-Tannenbaum [BFT] . 
. , V n ] be its minimal isometric dilation on a Hilbert space K ⊇ H. If H is finite dimensional and K H is hyperinvariant for
Therefore, the mapping Φ is well-defined. On the other hand, since K H is hyperinvariant for {V 1 , . . . , V n }, we infer that Φ is a unital contractive homomorphism, and Φ(Y ) = X is equivalent to P H Y = XP H . According to the noncommutative commutant lifting theorem, for any X ∈ {T 1 , . . . , T n } there exists Y ∈ {V 1 , . . . , V n } such that P H Y = XP H and Y = X . Therefore, Φ is a norm preserving interpolant. Since H is finite dimensional, the algebra {T 1 , . . . , T n } is finite dimensional. Applying Theorem 2.1 and Remark 2.3, in the particular case when A := {V 1 , . . . , V n } and B := {T 1 , . . . , T n } , the result follows. 
In what follows, we use the noncommutative spectral commutant lifting theorem to obtain spectral versions of Sarason, Nevanlinna-Pick, and Carathéodory type interpolation for F ∞ n⊗ B(K), the WOT-closed algebra generated by the spatial tensor product of the noncommutative analytic Toeplitz algebra F ∞ n and B(K). In particular, we obtain interpolation results for matrix-valued analytic functions on the open unit ball of C n , in which one bounds the spectral radius of the interpolant. According to Theorem 1.2 from [Po6] , the commutant of F ∞ n , which we denote by R ∞ n , is equal to U * F ∞ n U , where U is the unitary operator on | N ⊗ I K , i = 1, . . . , n, and 
According to the noncommutative commutant lifting theorem, for any X ∈ B there exists Ψ ∈ R ∞ n⊗ B(K), such that P N ⊗K Ψ = XP N ⊗K and X = Ψ . Therefore, Φ(Ψ) = X and Φ is a norm preserving interpolant. Applying Corollary 3.2, the result follows.
Notice that the element Ψ in Theorem 3.3 satisfies
. This equality holds if n = 1 (see [BFT] ).
Let us remark that the finite dimensionality hypothesis can be dropped in Theorem 3.3 for those subspaces N and K for which one can prove that any invertible element f ∈ P N 
Proof. According to [ArPo2] , the quotient algebra
, which is finite dimensional. Using Theorem 3.3, we infer that Φ is a spectral interpolant. The proof is complete.
It will be interesting to see if this result remains true if N J is infinite dimensional (at least for some particular cases, if not in general). The obstruction in the infinite dimensional case seems to be the lifting of the invertible elements of a quotient algebra A/J to invertible elements of A (see Section 2 for an example). In the finite dimensional case, Corollary 3.4 leads to our spectral interpolation results for F ∞ n (see Theorem 3.6 and Theorem 3.8). Let F 2 s (H n ) be the symmetric Fock space and W ∞ n be the WOT-closed algebra generated by
. . , n, and the identity. This algebra has been studied in [Po9] , [Arv] , [ArPo2] , [DP3] . The following theorem can be seen as a spectral version of Sarason's interpolation theorem for H ∞ (D) (see [S] ), in a commutative and multivariable setting. 
B(K))| E⊗K and let Φ :
A → B be defined by Φ(g) := P E⊗K (g) E⊗K . We just proved that Φ is a unital contractive homomorphism and also a norm preserving interpolant. Now, the result follows by applying the results of Section 2 in our setting.
Let us remark that a result similar to Corollary 3.4 holds for the algebra W ∞ n⊗
B(K).
In what follows we obtain a spectral version of Nevanlinna-Pick interpolation for the noncommutative analytic Toeplitz algebra F ∞ n (see [ArPo2] , [DP3] , and [Po8] ). As mentioned in the first section, there exists a unital contractive homomorphism
Theorem 3.6. Let K be a finite dimensional Hilbert space, W j ∈ B(K), and Let N := span{z λj : j = 1, . . . , k} and X ∈ B(N ⊗ K) be defined by
. . , k, if and only if there exist invertible operators
Notice that S * i z λj = λ ji z λj for any i = 1, . . . , n; j = 1, . . . , k. Hence, the subspaces N and U N are invariant under each S *
. . , z λ k are linearly independent, the operator X ∈ B(N ⊗ K) given by (3.2) is well defined.
Notice that XT i = T i X for any i = 1, . . . , k. Indeed,
. . , S n ⊗ I K }, the first relation in (3.4) is equivalent to 
On the other hand, notice that
which is equivalent to (3.1). This completes the proof.
Let us remark that the inequality (3.1) can be replaced with
In the particular case when n = 1, we find again Theorem 4 from [BFT] . As mentioned in [BFT] , since P N F ∞ n | N⊗ B(K) is finite dimensional, conditions of type (3.6) can be checked using computer algorithms. 
Proof. Using Theorem 3.6, we find
As in the proof of Theorem 2.1, we infer that
On the other hand, similarly to [BFT, Proposition 3], one can prove that
This completes the proof. 
Then there exists
where 
On the other hand, every element f ∈ F ∞ n⊗ B(K) has a unique Fourier expansion f ∼ α∈F
and α ∈ F + n (see [Po8] ). Using now relation (3.8), one can easily see that g := Φ − p ∈ J ∞ >m⊗ B(K). This completes the proof. Using Theorem 3.5, one can obtain a version of Theorem 3.8 for the algebra W ∞ n⊗ B(K), in a similar manner. We leave this task to the reader.
Spectral tangential commutant lifting in several variables
Let 
In what follows we extend the spectral tangential commutant lifting theorem of Bercovici and Foiaş [BF] to our noncommutative multivariable setting. 
. . , T n } ) and
. . , n, and satisfies
. Hence, we deduce the relations
Since Y ∈ Dil M (X) and K H is hyperinvariant for {V 1 , . . . , V n }, we can use (4.4) and (4.3) to infer that
Since > 0, we deduce that ρ M,{T1,...,Tn} (X) ≤ t. 
. . , n. Using this relation together with (4.1) and (4.4), we infer that, for any i = 1, . . . , n,
According to (4.6), the noncommutative commutant lifting theorem, and relation (4.5), we find Y * ∈ Dil M * (X * ) satisfying
Indeed, using (4.4), we have
According to (4.7), we have The following result is a spectral version of the tangential Nevanlinna-Pick interpolation problem for F ∞ n (see [Po8] 
As in the proof of Theorem 3.3, the minimal isometric dilation of the sequence
. . , n, we can apply Theorem 4.1 and infer that
Therefore, the relation (4.11) holds if and only if Φ(λ j ) which is equivalent to (4.9). This completes the proof.
We remark that (4.9) can be replaced by relation (4.10). As a consequence of Theorem 4.2, when the distinct elements in B n are λ j , j = 1, . . . , k, we infer the following spectral tangential interpolation result for matrix-valued bounded analytic functions in the unit ball of C n . The case when the number of dependent vector pairs (u j , v j ) exceeds the dimension of K, and the problem of optimal solutions will be considered in a future paper.
